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Abstract
In this paper, by improving the proofs of some theorems in J. Math. Anal. Appl. 255 (2001)
349–357, we obtain some new oscillation criteria for the second-order nonlinear difference equation
with continuous variable.
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1. Introduction
In this paper, we study the oscillatory property of the second-order nonlinear difference
equation with continuous variable
∆2τ x(t)+ f
(
t, x(t − σ))= 0, (1.1)
where ∆τx(t)= x(t + τ )− x(t), τ, σ > 0, f ∈ C([u0,∞)×R,R), f (t, u)/u p(t) > 0
for u = 0, p ∈ C([u0,∞),R+).
A function ϕ(t) is called the solution of (1.1) if ϕ ∈ C([u0 − max{τ, σ }, u0],R) and
instead of x(t), it satisfies (1.1) when t  u0.
A solution x(t) is said to be oscillatory if it is neither eventually positive nor eventually
negative. Otherwise, it is called nonoscillatory (see [4]).
In recent years, the oscillation of the first-order difference equations with continuous
variable has been investigated intensively (see [1–3]).
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Theorem A [4]. Assume that q¯(t)=mintst+2τ {p(s)/τ 2},
∞∫
t
q¯(s) ds =∞. (a)
Then every solution of (1.1) is oscillatory.
Theorem B [4]. Assume that there exists a function A(t) with A ∈ C1([t0,∞), (0,∞))
such that A′(t) 0 and
∞∫
t
A(s)
{
q¯(s)+ (A
′(s))2
4(A(s))2
+
(
A′(s)
2A(s)
)′}
ds =∞. (b)
Then every solution of (1.1) is oscillatory.
Theorem C [4]. In addition to the assumptions of Theorem B, further assume that
0 <Q1(t)=
∞∫
t
A(s)
{
q¯(s)+ (A
′(s))2
4(A(s))2
+
(
A′(s)
2A(s)
)′}
ds <∞,
but
∞∫
t
Q21(s)
A(s)
exp
(
2
s∫
t
Q1(θ)
A(θ)
dθ
)
ds =∞. (c)
Then every solution of (1.1) is oscillatory.
In [4], they constructed the functions Qi(t), i = 1,2, . . . ,m, defined as
Q1(t)=
∞∫
t
A(s)
{
q¯(s)+ (A
′(s))2
4(A(s))2
+
(
A′(s)
2A(s)
)′}
ds,
Q2(t)=
∞∫
t
Q21(s)
A(s)
exp
(
2
s∫
t
Q1(θ)
A(θ)
dθ
)
ds,
. . .
Qm(t)=
∞∫
t
Q2m−1(s)
A(s)
exp
(
2
s∫
t
Qm−1(θ)
A(θ)
dθ
)
ds. (d)
Theorem D [4]. If Qi(t) in (d) exists for i = 1,2, . . . ,m0 − 1 but Qm0 does not exist,
where m0 > 0 is a positive integer, then every solution of (1.1) is oscillatory.
In this paper, by using the methods in the proof of Lemma 3 in [5], we improve the
proofs of some theorems in [4] and obtain the following results.
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lim inf
t→∞ t
∞∫
t
q¯(s) ds >
1
4
. (1.2)
Then every solution of (1.1) is oscillatory.
Theorem 2. Assume that there exist t0  u0 and a function A(t) with A ∈ C2([t0,∞),
(0,∞)) such that A′(t) 0 and
lim inf
t→∞ t
∞∫
t
A(s)
{
q¯(s)+ (A
′(s))2
4(A(s))2
+
(
A′(s)
2A(s)
)′}
ds >
1
4
A(t0). (1.3)
Then every solution of (1.1) is oscillatory.
Theorem 3. If
0 < lim inf
t→∞ tQ1(t)
1
4
A(t0),
but
lim inf
t→∞ t
∞∫
t
Q21(s)
A(s)
exp
(
2
s∫
t
Q1(θ)
A(θ)
dθ
)
ds >
1
4
A(t0), (1.4)
where A(t) is defined as in Theorem 2, then every solution of (1.1) is oscillatory.
We will have the following theorem by using similar methods in the proof of Theorem 3.
Theorem 4. If
lim inf
t→∞ tQi(t)
1
4
A(t0) in (d) for i = 1,2, . . . ,m0 − 1,
but
lim inf
t→∞ tQm0 >
1
4
A(t0),
where m0 > 1 is a positive integer, then every solution of (1.1) is oscillatory.
2. The proofs of theorems
Lemma 2.1. Set αi = α2i−1 + α0, i = 1,2, . . . . If α0 > 1/4, then limn→∞ αn =∞.
Proof. From
αi − αi−1 = α2i−1 − αi−1 + α0 > α2i−1 − αi−1 +
1
4
=
(
αi−1 − 1
)2
 0, i = 1,2, . . . ,2
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∞ such that αn → a (n→∞). If 0 a <∞, then a2 − a + α0 = 0. But this equation
has no any real roots. This contradiction yields that a =∞. The proof is complete. ✷
Proof of Theorem 1. Suppose to the contrary, let x(t) be an eventually positive solution
of (1.1). From the proof of Theorem 3 in [4], there exists a function ω(t) ∈ C([u0,∞))
and a real number t1  u0 with ω(t) > 0 for t  t1 such that for t1  t < T <∞,
ω(T )−ω(t)−
T∫
t
q¯(s) ds −
T∫
t
ω2(s) ds.
Thus we get
ω(t)
∞∫
t
ω2(s) ds +
∞∫
t
q¯(s) ds.
By (1.2), there exists a real number t2  t1 such that
∞∫
t
q¯(s) ds  α0
t
, t  t2,
where α0 > 1/4, so
ω(t)
∞∫
t
ω2(s) ds + α0
t
, t  t2. (2.1)
It follows that
ω(t) α0
t
, t  t2.
Combining the above inequality with (2.1), we get
ω(t)
∞∫
t
ω2(s) ds + α0
t

∞∫
t
(
α0
s
)2
ds + α0
t
= α
2
0 + α0
t
, t  t2.
Set αi = α2i−1 + α0, i = 1,2, . . . . Then
ω(t) α1
t
, t  t2.
By induction, from (2.1), we can prove that
ω(t) αi
t
, t  t2, i = 1,2, . . . . (2.2)
From Lemma 2.1 and (2.2), it is easy to see that
ω(t)=∞, t  t2.
This contradiction completes the proof. ✷
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of (1.1). From the proof of Theorem 4 in [4], there exists a function ω(t) ∈C([t0,∞)) and
a real number t1  t0 with ω(t) > 0 for t  t1 such that for t1  t < T <∞,
ω(T )−ω(t)−
T∫
t
A(s)
{
q¯(s)+
(
A′(s)
2A(s)
)2
+
(
A′(s)
2A(s)
)′}
ds −
T∫
t
ω2(s)
A(s)
ds.
So
ω(t)
∞∫
t
A(s)
{
q¯(s)+
(
A′(s)
2A(s)
)2
+
(
A′(s)
2A(s)
)′}
ds +
∞∫
t
ω2(s)
A(s)
ds.
By (1.3), there exists a real number t2  t1 such that
∞∫
t
A(s)
{
q¯(s)+
(
A′(s)
2A(s)
)2
+
(
A′(s)
2A(s)
)′}
ds  α0
t
A(t0), t  t2,
where α0 > 1/4, so
ω(t)
∞∫
t
ω2(s)
A(s)
ds + α0
t
A(t0), t  t2. (2.3)
It follows that
ω(t) α0
t
A(t0), t  t2.
Combining the above inequality with (2.3), we get
ω(t)
∞∫
t
ω2(s)
A(s)
ds + α0
t
A(t0)
A(t0)
∞∫
t
(
α0
s
)2
ds + α0
t
A(t0)= α
2
0 + α0
t
A(t0), t  t2.
Set αi = α2i−1 + α0, i = 1,2, . . . . Then
ω(t) α1
t
A(t0), t  t2.
By induction, from (2.3), we can prove that
ω(t) αi
t
A(t0), t  t2, i = 1,2, . . . . (2.4)
From Lemma 2.1 and (2.4), it is easy to see that
ω(t)=∞, t  t2.
This contradiction completes the proof. ✷
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of (1.1). From the proof of Theorem 5 in [4], there exists a function y(t) ∈C([t0,∞),R+)
such that
y(t)
∞∫
t
Q21(s)
A(s)
exp
(
2
s∫
t
Q1(θ)
A(θ)
dθ
)
ds +
∞∫
t
y2(s)
A(s)
exp
(
2
s∫
t
Q1(θ)
A(θ)
dθ
)
ds.
By (1.4), there exists a real number t1  t0 such that
∞∫
t
Q21(s)
A(s)
exp
(
2
s∫
t
Q1(θ)
A(θ)
dθ
)
ds  α0
t
A(0) and Q1(t) > 0, t  t1,
where α0 > 1/4, so
y(t)
∞∫
t
y2(s)
A(s)
exp
(
2
s∫
t
Q1(θ)
A(θ)
dθ
)
ds + α0
t
A(0), t  t1. (2.5)
It follows that
y(t) α0
t
A(0), t  t1.
Combining the above inequality with (2.5), we get
y(t)
∞∫
t
y2(s)
A(s)
exp
(
2
s∫
t
Q1(θ)
A(θ)
dθ
)
ds + α0
t
A(0)
A(0)
∞∫
t
(
α0
s
)2
ds + α0
t
A(0)= α
2
0 + α0
t
A(0), t  t1.
Set αi = α2i−1 + α0, i = 1,2, . . . . Then
y(t) α1
t
A(0), t  t1.
By induction, from (2.5), we can prove that
y(t) αi
t
A(0), t  t1, i = 1,2, . . . . (2.6)
From Lemma 2.1 and (2.6), it is easy to see that
y(t)=∞, t  t1.
This contradiction completes the proof. ✷
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